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SCHWARZ TRIANGLE FUNCTIONS AND DUALITY FOR
CERTAIN PARAMETERS OF THE GENERALISED CHAZY
EQUATION
MATTHEW RANDALL
Abstract. Schwarz triangle functions play a fundamental role in the solutions
of the generalised Chazy equation. Chazy has shown that for the parameters
k = 2 and 3, the equations can be linearised. We determine the Schwarz trian-
gle functions that represent the solutions in these cases. Some of these Schwarz
triangle functions also show up in the dual cases where k = 2
3
and k = 3
2
, which
suggests intriguing connections between the solutions for k = 2 and k = 3 with
dihedral and tetrahedral symmetry respectively, and k = 2
3
, 3
2
with G2 symme-
try. Integrating the solutions when k = 2
3
, we obtain flat (2, 3, 5)-distributions
parametrised algebraically by the corresponding Schwarz triangle functions. The
Legendre dual of these curves are also algebraic, can be computed quite easily
and are related to the integral curves of the dual generalised Chazy equation
with parameter 3
2
.
The generalised Chazy equation is a third order nonlinear autonomous ordinary
differential equation given by
(0.1) y′′′ − 2y′′y + 3(y′)2 − 4
36− k2 (6y
′ − y2)2 = 0
for k 6= 6. The equation (0.1) was introduced by Jean Chazy in the papers [6] and
[7] in the context of investigating the Painleve´ property for third order ODEs.
The equation (0.1) can be solved by Schwarz triangle functions [1]. Schwarz
triangle functions determine through its inverse a map from the complex upper
half plane to an open triangular domain with boundary given by the edges of the
triangle. The angles of the triangle determined by the Schwarz functions depend
on the parameter k in (0.1). When k < 6, the image is a spherical triangle. When
k = 6, the triangle is planar and when k > 6, the triangle is hyperbolic. In this
article we present the spherical Schwarz triangle functions corresponding to the
solutions when k is given by 2
3
, 3
2
, 2 and 3 and determine them algebraically.
These four parameters are chosen because the equations also show up in the
context of the geometry of differential equations. The problem of determining
whether the solution set of a system of differential equation is equivalent to another,
via for instance point or contact preserving transformation, can be solved using
Cartan’s method of equivalence.
This work is supported by the Grant agency of the Czech Republic P201/12/G028.
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The equations for the parameters k = 2 and k = 3 are shown to be linearisable
by Chazy himself (see p. 346 of [7]). The equation when k = 2 is linearisable to
the ODE y′′′′ = 0. This is related to the third order Riccati equation as observed in
[16]. Applying Cartan’s method of equivalence, this 4th order ODE has vanishing
Wilczynski invariants in the linear theory and also vanishing Bryant invariants in
the non-linear theory [4], [11], [14], [19]. We discuss the general solution when
k = 2 in Section 3.
The method of equivalence also applies to third order ODEs, as worked out by
Chern [8]. The equation for the parameter k = 3 turns out to be the only equation
of the form (0.1) that has vanishing Wu¨nschmann invariant. Third order ODEs
with vanishing Wu¨nschmann invariant defines a conformal structure of signature
(2, 1) on the space of its solutions. The conformal metric is obtained by quotient-
ing out a degenerate split signature symmetric 2-tensor by the vector field that
annihilates the distribution encoding the ODE y′′′ = F (x, y, p, q). ODEs with van-
ishing Wu¨nschmann invariant and Fqqqq = 0, satisfied for the k = 3 equation, are
contact equivalent to the equation y′′′ = 0 [13]. The equation for this parameter
k = 3 is also linearisable and the general solution to this equation is described in
Section 5.
The equations for the parameters k = ±3
2
and k = ±2
3
show up in the local
equivalence problem for generic maximally non-integrable (or bracket generating)
rank 2 distributions on 5-manifoldsM that depend on a single function F (x). Here
the genericity condition implies that F ′′(x) 6= 0. For such non-integrable distri-
butions, the bracket of the vector fields spanning the distribution D determines a
filtration of the tangent bundle given by D ⊂ [D,D] ⊂ TM = [[D,D],D] with the
rank of D = 2 and the rank of [D,D] = 3. Such distributions are therefore also
known as (2, 3, 5)-distributions. Cartan solved the local equivalence problem for
such geometries in [5] and constructed the fundamental curvature invariant. For
distributions of the form F (x) as described, the curvature invariant vanishes when
F ′′(x) = e
1
2
∫
y(x)dx where y(x) is a solution to the generalised Chazy equation (0.1)
with parameter k = ±2
3
. In this case the distribution has split G2 as its local group
of symmetries. Furthermore An and Nurowski [3] showed that there is a duality
that takes the solutions of this equation to the solutions of the submaximal 7th
order ODE
(0.2)
10(y′′′)3y(7) − 70(y′′′)2y(4)y(6) − 49(y′′′)2(y(5))2 + 280y′′′(y(4))2y(5) − 175(y(4))4 = 0
studied in [20] (where it appears in equation (6.64)), [11] and [12]. Historically,
this ODE appeared already in the thesis of Noth [18] in 1904.
This dual ODE (0.2) can also be reduced to a generalised Chazy equation but
now the Chazy parameter is given by k = ±3
2
. In this fashion, the solutions with
parameters k = 3
2
and k = 2
3
have vanishing Cartan invariants. We discuss the
solutions for both these equations in Sections 4 and 6. We show in Appendix
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B that the Legendre duality property for the generalized Chazy equations with
parameters k = ±3
2
and k = ±2
3
is unique only for these parameters.
Interestingly, one of the Schwarz triangle functions that solve the k = 2 equation
also show up in the solutions to the k = 2
3
equation. Three of the Schwarz triangle
functions that solve the k = 3 equation also show up in the solutions to the k = 3
2
equation. For the k = 2 and k = 2
3
cases, the Schwarz triangle functions are pull-
backs through hypergeometric transformation of the Schwarz function s(1
2
, 1
3
, 1
2
, x)
that appears in Schwarz’s list [22] with dihedral symmetry. For the k = 3 and
k = 3
2
cases, the functions are pullbacks of the function s(1
2
, 1
3
, 1
3
, x) that appears
in Schwarz’s list with tetrahedral symmetry. The result of Schwarz [22] and Klein
tells us that the Schwarz functions we obtain in these cases are algebraic. The
maps for the triangle functions that show up in the cases k = 2
3
, 3
2
, 2 and 3 are
given in the Diagrams 1, 2 and 3. They show the hypergeometric transformations
that are given by quadratic, cubic and quartic maps [15], [23].
Another motivation for the article is to work out the Schwarz functions that solve
the k = 2
3
and k = 3
2
equation and determine examples of (2, 3, 5)-distributions
with maximal symmetry group of split G2. The solutions to the k =
2
3
equation
has appeared in [21], but we present them more explicitly here in the form of Table
2. We also present the solutions when k = 3
2
here. To work out the distributions
DF (x) with vanishing Cartan curvature invariant, we have to determine F
′′(x) from
the solutions of the k = 2
3
Chazy equation and integrate twice further. This gives
an algebraic relation involving (x, F ). The dual curve of this plane algebraic curve
gives us integral curves of equation (0.2).
The first two sections are background material. In Section 1 we set up the pre-
liminaries and consider SL2(C) equivalent classes of solutions to (0.1). In Section
2 we review the definitions of Schwarz functions and in Sections 3, 4, 5, 6 we
present the Schwarz triangle functions that appear in the solutions of the Chazy’s
equation for k = 2, k = 2
3
, k = 3 and k = 3
2
respectively. The computations are
done through MAPLE 17.
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1. SL2(C) action on the space of solutions
The material in the first two sections is collated from [7], [9], [10], [2] and [1].
We shall work over the complex field. Any element g =
(
a b
c d
) ∈ SL2(C) acts on x
by fractional linear transformations g · x = x˜ = ax+b
cx+d
.
Proposition 1.1. (See also [9], [2]) Under this action of SL2(C), for any solution
y(x) to the generalised Chazy equation (0.1) with k 6= 6, we obtain new solutions
to (0.1) by
y˜(x) =
1
(cx+ d)2
y
(
ax+ b
cx+ d
)
− 6c
cx+ d
.(1.1)
Proof. The action of SL2 gives the differential relation dx˜ =
1
(cx+d)2
dx and d
dx˜
=
(cx+ d)2 d
dx
. Differentiating, we find
(cx+ d)4(6y˜′ − y˜2) = 6y′ − y2
and
(cx+ d)6(9y˜′′ − 9y˜y˜′ + y˜3) = 9y′′ − 9yy′ + y3,
where prime on the left hand side denotes differentiation with respect to x while
prime on the right hand side denotes differentiation with respect to x˜. Differenti-
ating once more gives
(cx+ d)8
(
y˜′′′ − 2y˜′′y˜ + 3(y˜′)2 − 4
36− k2 (6y˜
′ − y˜2)2
)
=y′′′ − 2y′′y + 3(y′)2 − 4
36− k2 (6y
′ − y2)2.
We see that y˜(x) is a solution to (0.1) iff y(x˜) is a solution as well. 
Let f(x) = exp( 2
k−6
∫
ydx). Chazy makes this substitution and finds that f
satisfies the differential equation
ff ′′′′ − (k − 2)f ′f ′′′ + 3k(k − 2)
2(k + 6)
(f ′′)2 = 0.(1.2)
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It is immediate from (1.2) that when k = 2, the equation becomes linear, and we
shall discuss this further in Section 3. When we integrate (1.1), we obtain∫
y˜(x)dx =
∫
1
(cx+ d)2
y(x˜)dx−
∫
6c
cx+ d
dx
=
∫
y(x˜)dx˜− 6 log(cx+ d) + c0.
We find that
f˜(x) = exp
(
2
k − 6
∫
y˜(x)dx
)
=
exp( 2c0
k−6)
(cx+ d)
12
k−6
exp
(
2
k − 6
∫
y(x˜)dx˜
)
=
exp( 2c0
k−6)
(cx+ d)
12
k−6
f(x˜).
Absorbing constants (or normalising them so that c0 = 0), we see that
f˜(x) =
1
(cx+ d)
12
k−6
f(x˜).
This motivate the following definition.
Definition 1.1. Suppose both functions f(x) and f˜(x) = (cx + d)−
12
k−6 f(x˜) sat-
isfy the same differential equation (1.2). Then we say that the function f(x) has
weight 12
k−6 since f(x˜) = (cx+d)
12
k−6 f˜(x) (following the convention in the literature
about weights of modular forms).
Let us take k = 2
3
and suppose f(x) = (F ′′(x))−
3
4 for some F (x). Then F ′′(x)
has weight 3 under the action of SL2(C) and we find that F (x) satisfies the 6th
order ODE
10F (6)(F ′′)3 − 80(F ′′)2F (3)F (5) − 51(F ′′)2(F (4))2 + 336F ′′(F ′′′)2F (4) − 224(F ′′′)4 = 0
(1.3)
in [3] upon substituting f = (F ′′)−
3
4 into (1.2).
Proposition 1.2. If F (x) is a solution to the 6th order ODE (1.3), then so is
F˜ (x) = (cx+ d)F
(
ax+ b
cx+ d
)
where ad− bc = 1.
According to the definition given above, the function F (x) has weight −1. We
have
Corollary 1.1. The function F (x) = x2 is a solution to the 6th order ODE (1.3),
and therefore so is
F˜ (x) = (cx+ d)
(
ax+ b
cx+ d
)2
=
(ax+ b)2
cx+ d
where ad− bc = 1.
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Differentiating the above relation twice, we find that
F˜ ′′(x) =
1
(cx+ d)3
F ′′(x˜).
Again the right hand side denotes differentiation with respect to x˜. For any F (x)
with weight −1 satisfying the 6th order ODE (1.3), we identify the solutions(
x, F˜ (x)
)
= (x, (cx+ d)F (g · x)) ∼ (g · x, F (g · x)) .
We define SL2(C) equivalent solutions to the generalised Chazy’s equation in
the following fashion (see also [9]).
Definition 1.2. Two solutions y(x˜) and y˜(x) to the generalised Chazy equation
are said to be equivalent if there exists an element g of SL2(C) such that x˜ = g ·x
and (1.1) holds for y(g · x) and y˜(x).
From this we can identify the solutions
(x, y˜(x)) ∼ (x˜, (cx+ d)2y˜(x) + 6c(cx+ d)) = (x˜, y(x˜)).
It is well known that F (x) = xm for m ∈ {−1, 1
3
, 2
3
, 2} solves equation (1.3) (see
[5]). Let us investigate how these solutions are equivalent solutions under SL2(C).
Using that y(x) = 2 d
dx
log(F ′′(x)), this gives y(x) = 6
x
, y(x) = − 10
3x
, y(x) = − 8
3x
and y(x) = 0 as solutions to the k = 2
3
equation. The solution y = − 8
3(x+C)
− 10
3(x+B)
for constants B, C was further obtained following [6] and [7]. This corresponds to
F (x) = (x+B)
1
3 (x+ C)
2
3 .
Proposition 1.3. The solutions to (0.1) for the parameter k = 2
3
given by y =
− 10
3x
, y = − 8
3x
and y = − 8
3(x+C)
− 10
3(x+B)
are equivalent in the sense of Definition
1.2.
Proof. Applying an arbitrary g =
(
a b
c d
) ∈ SL2(C) to the solution given by y =
− 8
3x
, we obtain y˜ = − 8
3(x+ b
a
)
− 10
3(x+ d
c
)
. Applying g1 =
( −ec f
c(e−f)
c − 1
ec
(1+ f
e−f
)
)
∈ SL2(C)
to y˜ = − 8
3(x+e)
− 10
3(x+f)
with e 6= f , we obtain ˜˜y = − 10
3x
. To get back to y = − 8
3x
,
we use the transformation given by g2 =
( 0 b
− 1
b
0
) ∈ SL2(C). 
As a consequence of Proposition 1.3, we see that the solutions given by F (x) =
(x+B)
1
3 (x+ C)
2
3 , x
2
3 and x
1
3 are equivalent to one another by this SL2 action.
Proposition 1.4. The solutions to (0.1) for the parameter k = 2
3
given by y = 0
and y = − 6
x
are equivalent in the sense of Definition 1.2.
Proof. This is clear from applying g =
(
0 −1
1 0
)
to the zero solution and its inverse
g−1 =
(
0 1
−1 0
)
to y = − 6
x
to get the zero solution. 
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2. Schwarz functions and equivalent solutions under SL2(C)
The solutions to equation (0.1) can be found using the techniques described in
[1] and [2]. They can be expressed in terms of logarithmic derivatives involving
Schwarz triangle functions. Chazy finds the solutions in [6] and [7] by introducing
the auxillary parameter s and treating x = z2(s)
z1(s)
and taking y = 6 d
dx
log z1(s).
The generalised equations are then satisfied if and only if z1(s), z2(s) are linearly
independent solutions to the hypergeometric differential equation
s(1− s)zss + (c− (a + b+ 1)s)zs − abz = 0.(2.1)
Here the subscript denotes differentiation with respect to s and a, b and c are
constants that depend on k. The solutions can also be written as a closed nonlin-
ear system of first order autonomous differential equations, called the generalised
Darboux-Halphen system. From the first order system, the equations can be trans-
formed to a Schwarzian type equation with potential term V (s). The solutions
are given precisely by Schwarz triangle functions. Let prime denote differentiation
with respect to x.
Definition 2.1. A Schwarz triangle function s(α, β, γ, x) is a solution to the
following third order non-linear differential equation
{s, x}+ (s
′)2
2
V (s) = 0
where {s, x} = d
dx
(
s′′
s′
)− 1
2
(
s′′
s′
)2
is the Schwarzian derivative and
V (s) =
1− β2
s2
+
1− γ2
(s− 1)2 +
β2 + γ2 − α2 − 1
s(s− 1)
is the potential.
A Schwarz triangle function determines through its inverse a mapping from the
complex upper half plane H = {z ∈ C : ℑ(z) > 0} to a spherical, planar or
hyperbolic triangle ∆ with angles between edges given by (απ, βπ, γπ). The edges
of the triangle are given by circular arcs. The inverse map x : H → ∆ is single
valued and meromorphic given by
x(s) =
2F1(a− c+ 1, b− c+ 1; 2− c; s)
2F1(a, b; c; s)
s1−c.(2.2)
The image of 0, ∞ and 1 under s are the vertices of the triangle with one vertex
at the origin x(0) = 0 and another x(1) on the real line (identifying the domain of
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the triangle as a subset of the complex plane). Here we have
a =
1
2
(1− α− β − γ),
b =
1
2
(1 + α− β − γ),
c = 1− β.
In the solutions to (0.1), x is given by the quotient of linearly independent
solutions to (2.1). The general solution to (2.1) is given by αz1(s) + βz2(s) where
z1, z2 are linearly independent. We form the quotient x =
z2
z1
. If we take a different
linear combination instead with
x˜ =
βz1 − δz2
−αz1 + γz2 =
β − δ z2
z1
−α + γ z2
z1
=
β − δx
−α + γx,
then we find
x =
αx˜+ β
γx˜+ δ
.
In other words, if we restrict to α, β, γ, δ such that αδ−βγ = 1, then x = g · x˜ and
x˜ = (g−1) ·x for g ∈ SL2. Hence SL2 equivalent solutions to Chazy’s equation are
determined by quotient z2
z1
, and thus are completely determined by the Schwarz
function s. Every distinct Schwarz function therefore gives rise to SL2 equivalent
solutions as in Definition 1.2. We will henceforth just consider the quotient x = z2
z1
in our computations, modulo constants that agree with the expression (2.2).
Our goal now is to present the various (x(s), y(s)), parametrised by the distinct
Schwarz functions s that are found using the general method to solve Chazy’s
equation [1], [2]. Let us denote
Ω1 = −1
2
d
dx
log
s′
s(s− 1) ,
Ω2 = −1
2
d
dx
log
s′
s− 1 ,
Ω3 = −1
2
d
dx
log
s′
s
.
Then y = −2(Ω1 + Ω2 + Ω3) solves (0.1) when (α, β, γ) = ( 2k , 2k , 2k ) or ( 2k , 13 , 13)
and its cyclic permutations. Similarly, we find that y = −Ω1 − 2Ω2 − 3Ω3 solves
(0.1) when (α, β, γ) = ( 1
k
, 1
3
, 1
2
), ( 1
k
, 2
k
, 1
2
) or ( 1
k
, 1
3
, 3
k
). Also, y = −4Ω1 − Ω2 − Ω3
solves (0.1) when (α, β, γ) = ( 4
k
, 1
k
, 1
k
) or (2
3
, 1
k
, 1
k
). Each of these values of (α, β, γ)
determine the Schwarz triangle function and the values of (a, b, c) in (2.2). In the
next four sections we compute these for k = 2, k = 2
3
, k = 3 and k = 3
2
.
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3. Generalised Chazy equation with k = 2 and its Schwarz
functions
In this section we give the general solution to (0.1) for k = 2 and the Schwarz
functions that solves the equation in Table 1.
Theorem 3.1. The general solution to the generalized Chazy equation with k = 2
over the Riemann surface P1 = C ∪ {∞} is given by
y(x) = −2
(
1
x− x1 +
1
x− x2 +
1
x− x3
)
and depends on 3 arbitrary points x1, x2, x3 on the Riemann surface.
Proof. We make the following observation over the complex plane C. Under the
substitution y = −2f
′
f
for f non-zero, the generalised Chazy equation with k = 2
is equivalent to the linear 4th order ODE f ′′′′ = 0. The solution to f ′′′′ = 0 is
given by the cubic polynomial f = ax3 + 3bx2 + 6cx+ d and therefore the general
solution to the k = 2 Chazy equation over C is given by its logarithmic derivative
y = − 6ax
2 + 12bx+ 12c
ax3 + 3bx2 + 6cx+ d
where a, b, c, d are constants of integration. For a 6= 0, we can factorize f =
a(x − x1)(x − x2)(x − x3) over C, and we obtain y = −2
(
1
x−x1 +
1
x−x2 +
1
x−x3
)
.
The general solution for a 6= 0 therefore depends on three generic points on C.
If we include the point at infinity, we allow solutions with a = 0 of the form say
y = −2
(
1
x−x1 +
1
x−x2
)
. 
The above fact has already been observed by Chazy in pages 346-347 of [7].
Let us tabulate in Table 1 the Schwarz triangle functions that show up in the
solutions to the Chazy equation when k = 2. In the first column, we give the
angles (α, β, γ) of the spherical triangle. This determines the values (a, b, c) =
(1
2
(1 − α − β − γ), 1
2
(1 + α − β − γ), 1 − β) in the hypergeometric equation (2.1)
and in the second column we give
x =
2F1(a− c+ 1, b− c+ 1; 2− c; s)
2F1(a, b; c; s)
s1−c.
In the third column, we invert the second column to present the Schwarz function,
with a branch cut chosen for the functions in the last three rows. The entry in
the second column of the fifth row requires the solution of a quartic polynomial
determined by x(r) on the second column. This same Schwarz function will show
up again in the solutions to the k = 2
3
equation. Finally in the last column we
present y(x) as determined by the formulas for s(x) in the fourth column. Here
w = e
2pii
3 denotes the cube root of unity. The formulas that give y are discussed and
presented in [21]. The series expansion of x(s) around a regular neighbourhood
10 Randall
can be computed and can be checked to see if it agrees with the function presented
in Table 1.
(α, β, γ) x(s) s(x) y(x)
(1, 1, 1) s
1−s
x
x+1
− 2
x
− 2
x+1
(1, 1
3
, 1
3
)
(
s
1−s
) 1
3 x3
x3+1
− 2
x+1
− 2
x+w
− 2
x+w2(
1
2
, 1
3
, 1
2
)
2
2
3
(
1−r
1+r
) 1
3 16x3
(x3+4)2
− 6x2
x3+4
and s = 1− r2(
1
2
, 1, 1
2
)
2√
1−s − 2 1− 4(x+2)2 − 2x − 2x+2 − 2x+4(
1
2
, 1
3
, 3
2
)
1
2
1
3
(
1−r
1+r
) 1
3
(
3+r
3−r
)
Roots of the quartic polynomial −3·2
1
3
8
(
r+1
r−1
) 1
3 r−3
r3
(r − 1)(r + 3)2
and s = 1− r2 (1
2
− x3) r4 + (8x3 + 4)r3 = − 12x2
2x3−1
+(9− 18x3)r2 + 27x3 − 27
2
= 0(
2, 1
2
, 1
2
) √s(1−s)
1−2s
1
2
(1± 1√
4x2+1
) − 2
x
− 16x
4x2+1(
2
3
, 1
2
, 1
2
)
3
2
sin(r)
cos(r)
1
2
(
1 + 9(4x
2−3)
(4x2+9)
3
2
)
− 2
x
− 16x
4x2−27
and s = sin2(3
2
r)
Table 1. Schwarz functions for k = 2
Up to fractional linear transformations, the identity map x = s is given by
s(1, 1, 1, x). This function appears in the first row of Table 1. The upper half plane
is mapped to the hemisphere of S2 bound by a great circle and the vertices of the
triangle are three points lying on the great circle. Geometrically speaking then the
spherical triangles make sense only when (α + β + γ)π ≤ 3π. The occurrence of
angles adding up to greater than 3π requires us to think of “triangles” overlapping
onto itself (or a branched cover or folded triangle) to realise such exaggeratedly
large angles.
The function appearing in the third row of Table 1 given by s(1
2
, 1
3
, 1
2
, x) appears
in Schwarz’s list [22] and has dihedral symmetry. Despite the complicated looking
formula for x in the fifth row corresponding to s(1
2
, 1
3
, 3
2
, x), it is straightforward
to determine y in terms of x.
Proposition 3.1. Let s = s(1
2
, 1
3
, 3
2
, x) Then the solution to (0.1) with k = 2 is
given by
y =
d
dx
log
(s′)3
s2(s− 1) 32 = −
12x2
2x3 − 1 .
Proof. From the parametrisation
x =
1
2
1
3
(
1− r
1 + r
) 1
3
(
3 + r
3− r
)
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with s = 1− r2, we obtain
dx = −8
3
4
1
3 r2
(r − 3)2(r − 1) 23 (r + 1) 43 dr =
1
r′
dr.
The corresponding formula for y that solves (0.1) then gives
y =
d
dx
log
(s′)3
s2(s− 1) 32 = r
′ d
dr
log
(−2r′r)3
(1− r2)2(−r2) 32
= −3 · 2
1
3
8
1
r3
(r − 3)(r + 3)2(r − 1) 23 (r + 1) 13 .
From the formula for x, we find
1
2x3 − 1 =
(r − 3)3(r + 1)
16r3
,
and therefore
y =− 3
4
1
2
2
3
(
1− r
1 + r
) 2
3
(
3 + r
3− r
)2
(r − 3)3(r + 1)
r3
=− 12 1
2
2
3
(
1− r
1 + r
) 2
3
(
3 + r
3− r
)2
(r − 3)3(r + 1)
16r3
=− 12x
2
2x3 − 1 .

The maps between the Schwarz functions for the k = 2 case are presented in
Figure 1. We use the notation adopted in [23], where the number over the arrow
denotes the degree of the algebraic transformation. These transformations are
classified in [23].
(
1
3
, 1
3
, 1
) 2
>
(
1
2
, 1
3
, 1
2
)
<
4 (1
2
, 1
3
, 3
2
)
(1, 1, 1)
3
∧
2
>
(
1
2
, 1, 1
2
)3
∧
(
2
3
, 1
2
, 1
2
)
<
2
(
2, 1
2
, 1
2
)
<
2
Figure 1. Mapping of Schwarz functions for k = 2
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4. Generalised Chazy equation with k = 2
3
and its Schwarz
functions
In this section we determine the Schwarz functions for the relevant angles
(α, β, γ) that show up in the solutions to the k = 2
3
equation and present the
flat or symmetric (2, 3, 5)-distribution that it determines by computing the anti-
derivative
F (x) =
∫ ∫
e
1
2
∫
y(x)dxdxdx.
They are presented in Table 2. In the table we normalise the constants appearing
in F (x) due to integration to be 1.
(α, β, γ) x(s) or x(r) F (x(s)) or F (x(r))
(3, 3, 3) 1
2
s−2
2s−1s
3 s + 1
2(2s−1)
(1
3
, 1
3
, 3) 1
2
(
s+2
2s+1
)
s
1
3
s
2
3
2s+1(
3
2
, 1
3
, 1
2
) − 1
2
1
3
(
1−r
1+r
) 1
3
(
1+3r
1−3r
) (r+1) 13 (r−1) 23
3r−1
and s = 1− r2(
3
2
, 3, 1
2
) −2 s2+4s−8√
1−s − 16 s−2√s−1(
3
2
, 1
3
, 9
2
) −2− 43 ( r+3
r−3
) (
1−r
1+r
) 1
3 3r4−8r3+54r2−81
3r4+8r3+54r2−81
(
r+1
r−1
) 1
3 (r+3)(r
2−9)(r−1)
3r4+8r3+54r2−81
and s = 1− r2(
6, 3
2
, 3
2
) (s(1−s)) 32 (2s−1)
128s4−256s3+144s2−16s−1
1
128s4−256s3+144s2−16s−1(
2
3
, 3
2
, 3
2
) −81
64
sin(8r)−2 sin(4r)
cos(8r)+2 cos(4r)
1
cos(8r)+2 cos(4r)
and s = sin2(3r)
Table 2. Parametrisations for k = 2
3
Inverting the function for s in terms of x require the solution of a quartic equa-
tion in s except for two cases in the second and third last rows of Table 2 where
the degrees of the polynomials involved are larger. We present F (x) instead of
the solutions y(x) because the results take precedence in the theory of (2, 3, 5)-
distributions.
There is a Legendre duality discovered in [3] that takes equation (1.3) to (0.2)
given by the following:
(x, F ) 7→ (t, H) = (F ′, xF ′ − F ).
We find that H as a function of t solves equation (0.2)
(4.1)
10(H ′′)3H(6)−70(H ′′)2H(3)H(5)−49(H ′′)2(H(4))2+280H ′′(H(3))2H(4)−175(H(3))4 = 0
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iff equation (1.3) holds. The prime in equation (4.1) refers to differentiation with
respect to t. Equation (1.3) can be reduced to the generalised Chazy equation
with k = 2
3
while equation (4.1) can be reduced to the generalised Chazy equation
with k = 3
2
. We now provide an example of the computation of the entry in the
first row of Table 2 with the Schwarz function s(3, 3, 3, x). The rest of the Schwarz
functions that show up in Table 2 can be determined similarly.
4.1. The Schwarz function s(3, 3, 3, x). As an exercise let us determine the
Schwarz triangle function s(3, 3, 3, x) and find the flat (2, 3, 5)-distribution that
this function determines. See also the first row of Table 1 in [21]. The solution to
uss +
1
4
V (s)u = 0 is
u(s) = α
2s− 1
s(s− 1) + γ
s2(s− 2)
s− 1 .
We take u1 =
2s−1
s(s−1) , u2 =
s2(s−2)
2(s−1) and obtain
x(s) =
u2
u1
=
s3(s− 2)
2(2s− 1) .(4.2)
This agrees with the expression given by (2.2). The Wronskian is given by c0 =
W (u1, u2) = (u2)su1 − (u1)su2 = 3. We find
y(x(s)) =
u21
c0
d
ds
log
u61
c30s
2(s− 1)2 = −
4(2s− 1)(5s2 − 5s+ 2)
3s3(s− 1)3 .(4.3)
Using (4.2) and (4.3), we can eliminate s to obtain an equation involving x and y.
We can also express y in terms of x directly since (4.2) says that s is a root of
the quartic polynomial
s4 − 2s3 − 4xs+ 2x = 0,
which can always be solved by radicals. We solve this quartic polynomial in
Appendix A. Substituting this formula for s = ξ + 1
2
into (4.3) gives the solution
to the generalised Chazy equation with k = 2
3
. The formula for y is really too long
and too unsightly to reproduce here. As a function of ξ, we have
y(ξ) = −128
3
ξ(20ξ2 + 3)
(2ξ − 1)3(2ξ + 1)3 .
Alternatively given the polynomial equation of degree 4
s4 − 2s3 − 4xs+ 2x = 0
and the polynomial equation of degree 6
ys6 − 3ys5 + 3ys4 − (40
3
− y)s3 − 20s2 + 12s− 8
3
= 0
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that has to be satisfied because of (4.3), we can eliminate s by forming the resultant
polynomial P (x, y) of bidegree (6, 4):
P (x, y) =y4 +
8(4x+ 1)
x(2x+ 1)
y3 +
16
3
(
70x2 + 35x+ 4
x2(2x+ 1)2
)
y2
+
256
27
(
(10x+ 1)(5x+ 2)(4x+ 1)
x3(2x+ 1)3
)
y +
64
9
(
250x2 + 125x+ 316
x3(2x+ 1)3
)
= 0.
This defines an implicit relation between x and y, and the integral curves are
solutions to the generalised Chazy equation with parameter k = ±2
3
.
To obtain the corresponding flat (2, 3, 5)-distribution F (x), we have to integrate
further. Using (4.3) and the fact that
dx = 3
s2(s− 1)2
(2s− 1)2 ds,
we get
F ′′(x(s)) =
(2s− 1)3
s4(s− 1)4 ,
F ′(x(s)) = 3
(
1
s
− 1
s− 1
)
,
F (x(s)) =
∫ ∫
e
1
2
∫
ydxdxdx = −9
4
s− 9
8(2s− 1) .
Modulo constants of integration, the formula for F (x(s)) is just s + 1
2(2s−1) as
presented in the first row of Table 2. Eliminating the parameter s again gives a
quartic algebraic curve P1(x, F ) = 0. For the family of quartic curves parametrised
by
(x, F ) =
(
s3(s− 2)
2(2s− 1) , c
(
s+
1
2(2s− 1)
))
where c is constant, we can compute the Legendre dual (x, F ) 7→ (t, H) by deter-
mining t = F ′ and H = xt− F . This gives
(t, H) =
(
4c
3
(
1
s− 1 −
1
s
)
,−c
(
1
6
+
2
3
s+
2
3(s− 1)
))
.
Each row of Table 2 gives a solution to equation (1.3). We have the following.
Theorem 4.1. Each row of Table 2 determines a (2, 3, 5)-distribution DF (x) with
split G2 symmetry.
We observe that the Schwarz triangle function s(1
2
, 1
3
, 3
2
, x) appears in both the
solutions to the k = 2 Chazy equation and the k = 2
3
equation. This gives
an intriguing relationship between the solutions to (0.1) for k = 2
3
and k = 2
determined by this Schwarz function.
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(
1
3
, 1
3
, 3
) 2
>
(
3
2
, 1
3
, 1
2
)
<
4 (3
2
, 1
3
, 9
2
)
(3, 3, 3)
3
∧
2
>
(
3
2
, 3, 1
2
)3
∧
(
2
3
, 3
2
, 3
2
)
<
2
(
6, 3
2
, 3
2
)
<
2
Figure 2. Mapping of Schwarz functions for k = 2
3
Proposition 4.1. Let s = s(3
2
, 1
3
, 1
2
, x) and suppose s = 1−r2 for some r(x). Take
the parametrisation for x(s) given in the third row of Table 2. We find
y2 =
d
dx
log
(s′)3
(s− 1) 52 s2 = −
3
4 · 2 23
(
1− r
1 + r
) 2
3 1
r
(3r − 1)(9r3 + 15r2 + 7r + 1)
is a solution to (0.1) with k = 2 while
y 2
3
=
d
dx
log
(s′)3
(s− 1) 32s2 = y2 +
d
dx
log(s− 1) = − 3
2
2
3
(
1− r
1 + r
) 2
3
(3r − 1)(3r2 + 5r + 2)
is a solution to (0.1) with k = 2
3
.
The Schwarz functions for the k = 2
3
equation are determined by the following
pull-back maps in Figure 2, with the same notation from [23].
The domain of this spherical triangle corresponding to the Schwarz function
s(1
2
, 1
3
, 3
2
, x) has angles (1
2
π, 1
3
π, 3
2
π). This triangle is the complement of the triangle
with angles (1
2
π, 2
3
π, 1
2
π) in a hemisphere with the edge of the hemisphere lying
along the 1
2
π and 2
3
π edge of the triangle. Reflecting along the 3
2
π, 1
2
π edge gives
us the “triangle” with angles (1
3
π, 1
3
π, 3π) branched over the vertex with angle
3π. A reflection instead along the equatorial 1
3
π, 1
2
π edge gives the triangle with
angles (2
3
π, 3
2
π, 3
2
π), which is also the complement of the (4
3
π, 1
2
π, 1
2
π) triangle in
the sphere.
5. Generalised Chazy equation with k = 3 and its Schwarz
functions
We let t denote now the independent variable. This is to avoid confusion when we
compute the Legendre dual curves later on which uses both independent variables
x and t.
16 Randall
Theorem 5.1. The general solution to the generalised Chazy equation with k = 3
over the Riemann surface P1 = C ∪ {∞} is given by
y(t) = −3
2
(
1
t− t1 +
1
t− t2 +
1
t− t3 +
1
t− t4
)
(5.1)
where the 4 points t1, t2, t3 t4 on the Riemann surface are subject to the constraint
Q that 12ae− 3bd+ c2 = 0 where
a(t− t1)(t− t2)(t− t3)(t− t4) = at4 + bt3 + ct2 + dt+ e.
Proof. Under the substitution y = −3f
′
2f
for f non-zero, the generalised Chazy
equation with k = 3 is equivalent to the nonlinear 4th order ODE 2f ′′′′f−2f ′′′f ′+
(f ′′)2 = 0. Differentiating this ODE gives the linear ODE f ′′′′′ = 0 whose solutions
are given by f = at4 + bt3 + ct2 + dt + e. Substituting this back into the 4th
order ODE, the coefficients are subject to the constraint 12ae− 3bd+ c2 = 0 and
therefore the general solution to the k = 3 Chazy equation over C is given by
(5.1). 
This general solution has been mentioned in [7] and [10]. For this parameter,
Chazy ([7] p. 347) makes the observation that assuming the four roots are distinct,
the roots t1, t2, t3 and t4 can be chosen to lie on the sommets of the te´trae`dre
re´gulier. The condition Q defines a projective variety in P3. When one of the
points is t4 = ∞, the condition on the remaining three roots to be a solution is
that they must lie on the conic C = {t1, t2, t3 ∈ C|t21+t22+t23−t1t2−t1t3−t2t3 = 0}.
In this situation,
y = −2
(
1
t− t1 +
1
t− t2 +
1
t− t3
)
satisfies the k = 2 equation while
y = −3
2
(
1
t− t1 +
1
t− t2 +
1
t− t3
)
satisfies the k = 3 equation. We have
Proposition 5.1. The inclusion of varieties
Q ⊂ P3
C
∪
∧
⊂ P2
∪
∧
corresponds to the following isomorphism{
Solutions to k = 3 equation
with one pole at {∞}
}
∼=
{
Solutions to k = 2 equation
with poles in C
}
where the isomorphism is given by a constant rescaling.
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Determining the Schwarz functions when k = 3 is a more complicated task than
the cases when k = 2
3
and k = 2. We present the functions in Table 3. Observe
that s(1, 1
3
, 1
3
, t) appear both in the k = 2 and k = 3 equations. Also observe that
for s(2
3
, 1
3
, 1
3
, t) the formula for y occurs twice, with both
y =
d
dt
log
(s′)3
s2(s− 1)2 and y =
d
dt
log
(s′)3
s
5
2 (s− 1) 52
satisfying the k = 3 Chazy equation. The functions here that appear in Schwarz’s
list are s(1
3
, 1
3
, 1
2
, t) and s(2
3
, 1
3
, 1
3
, t), both of which possess tetrahedral symmetry.
Again w = e
2pii
3 denotes the cube root of unity.
(α, β, γ) t(s) s(t) y(t)
(2
3
, 2
3
, 2
3
) 2
F1(
1
6
, 5
6
; 5
3
;s)
2F1(
1
6
,− 1
2
; 1
3
;s)
s
2
3 I(−2− 23w2t) = s(t)2
4(s(t)−1) Same as y(t)
where I(t) = s(2
3
, 1
3
, 1
2
, t) for s(2
3
, 1
3
, 1
2
, t)
(2
3
, 1
3
, 1
3
) 2
F1(
1
6
, 5
6
; 4
3
;s)
2F1(− 16 ,
1
2
; 2
3
;s)
s
1
3
√
2
32
(
√
t3+2+3
√
2)3(
√
t3+2−
√
2)
(
√
t3+2)3
−9
2
t2
t3+2
and − 6(t3−4)
t(t3−16)(
1
3
, 1
3
, 1
2
)
2F1(
7
12
, 1
4
; 4
3
;s)
2F1(− 112 ,
1
4
; 2
3
;s)
s
1
3 − t3(t3−64)3
512(t3+8)3
−9
2
t2
t3+8(
2
3
, 1
3
, 1
2
)
2F1(
1
12
, 3
4
; 4
3
;s)
2F1(
5
12
,− 1
4
; 2
3
;s)
s
1
3
s
(4s−1)3 =
1
512
t3(27t3+64)3
(27t3−8)3 −6t
(
27t3+16
27t3+64
)
(
1
3
, 1
3
, 1
)
s
1
3 t3 −9
2
t2
t3−1(
4
3
, 1
3
, 1
3
)
2F1(
7
6
,− 1
6
; 4
3
;s)
2F1(− 12 ,
5
6
; 2
3
;s)
s
1
3 I(2
2
3 t) = 4s(t)(1− s(t)) Same as y(t)
where I(t) = s(2
3
, 1
3
, 1
2
, t) for s(2
3
, 1
3
, 1
2
, t)
Table 3. Parametrisations for k = 3
Proposition 5.2. Let s = s(2
3
, 1
3
, 1
2
, t). We have
s
(4s− 1)3 =
1
512
t3(27t3 + 64)3
(27t3 − 8)3(5.2)
as written in the fourth row of Table 3.
Proof. This is obtained from considering the pull back map (1
3
, 1
3
, 1
2
)
3← (2
3
, 1
3
, 1
2
) in
Figure 3. This corresponds to the cubic transformation given in formula (121) of
[15]. For α = − 1
12
, we have
2F1
(
5
12
,−1
4
;
2
3
; s
)
= (1− 4s) 14 2F1
(
− 1
12
,
1
4
;
2
3
;
27s
(4s− 1)3
)
while for α = 1
4
, we have
2F1
(
1
12
,
3
4
;
4
3
; s
)
= (1− 4s)− 34 2F1
(
7
12
,
1
4
;
4
3
;
27s
(4s− 1)3
)
.
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Together this gives
2F1(
1
12
, 3
4
; 4
3
; s)
2F1(
5
12
,−1
4
; 2
3
; s)
s
1
3 = −1
3
(
27s
(4s− 1)3
) 1
3 2F1(
7
12
, 1
4
; 4
3
; 27s
(4s−1)3 )
2F1(− 112 , 14 ; 23 ; 27s(4s−1)3 )
.
Using the formula for the right hand side as given by the third row of Table 3 gives
s
(4s− 1)3 =
1
512
t3(27t3 + 64)3
(27t3 − 8)3 .

Let us now also explain how we determined the corresponding solution y(t) for
s(2
3
, 1
3
, 1
2
, t), as this is not so straightforward.
Proposition 5.3. Let s = s
(
2
3
, 1
3
, 1
2
, t
)
. Then the solution to (0.1) with k = 3 is
given by
y =
d
dt
log
(s′)3
s
5
2 (s− 1) 32 = −
6
t
(
27t3 + 16
27t3 + 64
)
.
Proof. From (5.2), we obtain
s
1
3
4s− 1 =
1
8
t(27t3 + 64)
(27t3 − 8) .
Let Q denote the right hand side term of the above expression. We have
−1
3
8s+ 1
s
2
3 (4s− 1)2ds = −
1
3
8s+ 1
s(4s− 1)Qds = Q
′dt,
or alternatively,
s′ = −3s(4s− 1)
8s+ 1
Q′
Q
.
The formula for y gives
y =
d
dt
log
(s′)3
s
5
2 (s− 1) 32
=
d
dt
log
(
−3 s(4s−1)
8s+1
Q′
Q
)3
s
5
2 (s− 1) 32
=− 3Q
′
Q
s(4s− 1)
8s+ 1
d
ds
log
(
−3 s(4s−1)
8s+1
)3
s
5
2 (s− 1) 32 + 3
d
dt
log
Q′
Q
=
3
2
Q′
Q
64s3 − 48s2 + 66s− 1
(8s+ 1)2(s− 1) + 3
d
dt
log
Q′
Q
.
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Therefore we have
2Q
3Q′
(
y − 3 d
dt
log
Q′
Q
)
=
64s3 − 48s2 + 66s− 1
(8s+ 1)2(s− 1) .(5.3)
Using the fact that s
(4s−1)3 =
1
512
t3(27t3+64)3
(27t3−8)3 , we eliminate s appearing in both this
equation and (5.3) and get
y = −6
t
(
27t3 + 16
27t3 + 64
)
.

If we make the substitution t = −4σ
1
3
σ+2
and s = − 1
64
σ(σ+8)3
(1−σ)3 into (5.2), we get
an identity. This alternative parametrisation comes from the mapping (2
3
, 1
3
, 1
2
)
4←
(2
3
, 1
3
, 2) in Figure 3 and σ agrees with s(2
3
, 1
3
, 2, t) up to a constant reparametrisa-
tion of t. From this, we find that (t, y3) given by
t =
σ
1
3
σ + 2
y3 = −3
2
(σ + 2)(σ3 + 6σ2 − 96σ + 8)
σ
1
3 (σ + 8)(σ − 1)2
= − 3
2t
(
1− 8
σ − 1 −
9
(σ − 1)2 +
8
σ + 8
)
= − 3
2t
(
1− 108t3
1− 27t3
)
solves the k = 3 equation while (t, y 3
2
) given by
t =
σ
1
3
σ + 2
y 3
2
= −9
4
(σ + 2)(σ − 10)σ 23
(σ − 1)2
= − 9
4t
(
1− 8
σ − 1 −
9
(σ − 1)2
)
=
3
2
y3 +
9
4t
8
σ + 8
solves the k = 3
2
equation. The latter solution agrees with the solution given in
Section 6.1, which means that we have reparametrised the solutions for y(t) given
by s(2
3
, 1
3
, 1
2
, t) to those given in the subsequent Section 6.1.
For brevity we denote I(t) = s(2
3
, 1
3
, 1
2
, t), J(t) = s(4
3
, 1
3
, 1
3
, t) and K(t) =
s(2
3
, 2
3
, 2
3
, t). We have found using quadratic transformations (similar to those given
in the next section) that I(2
2
3 t) = 4J(t)(1 − J(t)) and I(−2− 23w2t) = K(t)2
4(K(t)−1)
where w = e
2
3
pii.
Proposition 5.4. The functions I, J , K determine the same solutions to the
generalised Chazy equation for k = 3.
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Proof. We have I(2
2
3 t) = 4J(t)(1 − J(t)) and I(−2− 23w2t) = K(t)2
4(K(t)−1) . A compu-
tation shows that
(I ′)3
I
5
2 (I − 1) 32 = c1
(J ′)3
J
5
2 (J − 1) 32 = c2
(K ′)3
K2(K − 1)2
for some possible complex constants c1 and c2. By choosing the same logarithmic
branch, the logarithmic derivatives of these three functions give the same solution
to the k = 3 Chazy equation. 
6. Generalised Chazy equation with k = 3
2
and its Schwarz
functions
In this section we present the Schwarz triangle functions that show up in the
solutions to the k = 3
2
equation. The Schwarz triangle functions that appear can
be grouped into those that have already shown up in the the solutions to the k = 3
equation and those that have not. The additional ones are presented in Table 4.
The Schwarz triangle functions I, J and K have already shown up in the solutions
to the k = 3 equation and they solve the k = 3
2
equation (see the previous section)
by deforming the k = 3 solutions along some function of K (or I, J).
Proposition 6.1. Let K(t) = s(2
3
, 2
3
, 2
3
, t). We have
d
dt
log
(K ′)3
K
5
2 (K − 1)
,
d
dt
log
(K ′)3
K(K − 1) 52
and
d
dt
log
(K ′)3
K
5
2 (K − 1) 52
all satisfying Chazy’s equation with k = 3
2
. This comes from considering the differ-
ent combinations y = −4Ω1−Ω2−Ω3, y = −Ω1−4Ω2−Ω3 and y = −Ω1−Ω2−4Ω3,
discussed in [21]. In all three cases the function K remains the same since its tri-
angular domain has the property of being equilateral.
Let us denote y3 =
d
dt
log (K
′)3
K2(K−1)2 . This is the solution to the k = 3 equation in
the previous section.
Corollary 6.1. The functions y3+
d
dt
log K−1√
K
, y3+
d
dt
log K√
K−1 and y3+
d
dt
log 1√
K(K−1)
are all solutions to Chazy’s equations with k = 3
2
.
In the above expressions, K can be substituted for I or J as well.
The remaining Schwarz functions that have not shown up in the k = 3 case
are given by s(4
3
, 2
3
, 1
2
, t), s(4
3
, 4
3
, 4
3
, t), s(8
3
, 2
3
, 2
3
, t) and s(2
3
, 1
3
, 2, t). We discuss
s(2
3
, 1
3
, 2, t) in Section 6.1. Again for brevity let us denote L(t) = s(4
3
, 2
3
, 1
2
, t),
M(t) = s(4
3
, 4
3
, 4
3
, t) and N(t) = s(8
3
, 2
3
, 2
3
, t). The relationship between L, M and
N are presented in Table 4. We determine them in the following fashion, using
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only quadratic transformations. The inversion formula for L gives
t(L) =
2F1(− 112 , 54 ; 53 ;L)
2F1(−34 , 712 ; 13 ;L)
L
2
3 .
We find
2F1(−56 , 116 ; 53 ; s)
2F1(−32 , 76 ; 13 ; s)
s
2
3 = 2−
4
3
2F1(− 112 , 54 ; 53 ; 4s(1− s))
2F1(−34 , 712 ; 13 ; 4s(1− s))
(4s(1− s)) 23 .
The left hand side is the inversion formula for N(t), while the right hand side is
2−
4
3 t(4N(1 −N)) and so
L(2
4
3 t) = 4N(t)(1−N(t)).
Similarly, we find
2F1(−16 , 76 ; 73 ; s)
2F1(−16 ,−32 ;−13 ; s)
s
4
3 = 2
4
3w2
2F1(− 112 , 54 ; 53 ; s
2
4(s−1))
2F1(−34 , 712 ; 13 ; s
2
4(s−1))
(
s2
4(s− 1)
) 2
3
,
where w = e
2
3
pii. The left hand side is the inversion formula for M(t), while the
right hand side is 2
4
3w2t( M
2
4(M−1)) and so
L(2−
4
3wt) =
M(t)2
4(M(t)− 1) .
(α, β, γ) t(s) s(t)
(4
3
, 4
3
, 4
3
) 2
F1(− 16 ,
7
6
; 7
3
;s)
2F1(− 16 ,−
3
2
;− 1
3
;s)
s
4
3 L(2−
4
3wt) = s(t)
2
4(s(t)−1)(
4
3
, 2
3
, 1
2
)
2F1(− 112 ,
5
4
; 5
3
;s)
2F1(− 34 ,
7
12
; 1
3
;s)
s
2
3 L(t)(
8
3
, 2
3
, 2
3
)
2F1(− 56 ,
11
6
; 5
3
;s)
2F1(− 32 ,
7
6
; 1
3
;s)
s
2
3 L(2
4
3 t) = 4s(t)(1− s(t))(
2
3
, 1
3
, 2
)
2s
1
3
s+2
Roots of the cubic polynomial
s3 + 6s2 + (12− 8
t3
)s+ 8 = 0
Table 4. Parametrisations for k = 3
2
Proposition 6.2. The functions L, M , N determine the same solutions to the
generalised Chazy equation for k = 3
2
.
Proof. Similar to Proposition 5.4, a computation shows that
(L′)3
L
5
2 (L− 1) 32 = c3
(M ′)3
M2(M − 1)2 = c4
(N ′)3
N
5
2 (N − 1) 52
22 Randall
again for some possible complex constants c3 and c4. Again by choosing the same
logarithmic branch, the logarithmic derivatives of these three functions give the
same solution to the k = 3
2
Chazy equation. 
We are now left with the problem of determining what
y(t) =
d
dt
log
(L′)3
L
5
2 (L− 1) 32
is. We shall show that this can be reparametrised to give the solution (6.2) below.
Proposition 6.3. Let τ = s(1
3
, 2
3
, 2, 9t
16
) and L = s(4
3
, 2
3
, 1
2
, t). We have
L
1
3
4L− 1 =
4
3
τ
1
3
(
1− τ
1 + 8τ
)
.(6.1)
Proof. We first apply the cubic transformation (1
3
, 2
3
, 1
2
)
3← (4
3
, 2
3
, 1
2
). Let v =
27L
(1+8L)2(1−L) . We find
v
v−1 =
27L
(4L−1)3 . The formulas (121) of [15] give
2F1
(
−3
4
,
7
12
;
1
3
;L
)
= (1− 4L) 34 2F1
(
−1
4
,
1
12
;
1
3
;
27L
(4L− 1)3
)
.
for α = −1
4
and
2F1
(
− 1
12
,
5
4
;
5
3
;L
)
= (1− 4L)− 54 2F1
(
5
12
,
3
4
;
5
3
;
27L
(4L− 1)3
)
.
for α = 5
12
. Together this gives the inversion formula for L
t =
2F1(− 112 , 54 ; 53 ;L)
2F1(−34 , 712 ; 13 ;L)
L
2
3 =
1
9
2F1(
5
12
, 3
4
; 5
3
; v
v−1)
2F1(−14 , 112 ; 13 ; vv−1)
(
v
1− v
) 2
3
.
Now we apply the degree 4 transformation (1
3
, 2
3
, 1
2
)
4← (1
3
, 2
3
, 2). Let w = 64τ(1−τ)
3
(1+8τ)3
.
We find using equation (127) of [15] that the same parameter α = −1
4
gives
2F1
(
−1
4
,
1
12
;
1
3
;w
)
= (1 + 8τ)−
3
4 2F1
(
−1,−2
3
;
1
3
; τ
)
and α = 5
12
gives
2F1
(
3
4
,
5
12
;
5
3
;w
)
= (1 + 8τ)
5
4 2F1
(
5
3
, 2;
5
3
; τ
)
.
We therefore obtain
2F1(
3
4
, 5
12
; 5
3
;w)
2F1(−14 , 112 ; 13 ;w)
w
2
3 =
2F1(
5
3
, 2; 5
3
; τ)(1 + 8τ)
5
4
2F1(−1,−23 ; 13 ; τ)(1 + 8τ)−
3
4
(
4τ
1
3 (1− τ)
1 + 8τ
)2
=
16τ
2
3
1 + 2τ
.
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Equating w = v
v−1 , we obtain
64τ(1− τ)3
(1 + 8τ)3
=
27L
(4L− 1)3
and the parameters are related by
9t
16
=
τ
2
3
(1 + 2τ)
where the right hand side is the inverse τ = s(1
3
, 2
3
, 2, 9t
16
). 
Let R(τ(t)) denote the right hand side of (6.1). We have t = 16τ
2
3
9(1+2τ)
and
L′ = −3L(4L− 1)
8L+ 1
R′
R
.
Analogous to Proposition 5.3, we find that
2R
3R′
(
y − 3 d
dt
log
R′
R
)
=
64L3 − 48L2 + 66L− 1
(8L+ 1)2(L− 1) .
Eliminating L between this equation and (6.1) give us the solution
(t, y) =
(
16τ
2
3
9(1 + 2τ)
,
81
64
(1 + 2τ)(10τ − 1)
τ
2
3 (τ − 1)2
)
.(6.2)
Using the formula H =
∫ ∫
e
2
3
∫
ydtdtdt, we obtain
(t, H) =
(
16τ
2
3
9(1 + 2τ)
,
1024
81
τ
1
3
1 + 2τ
)
.
The dual curves are parametrised by
(x, F ) =
(
32(4τ − 1)
9τ
1
3 (τ − 1) ,
512
81
τ
1
3
τ − 1
)
.
6.1. The Schwarz function s(2
3
, 1
3
, 2, t). For the Schwarz function s(2
3
, 1
3
, 2, t),
the parametrisation for t is found to be given by
t =
2s
1
3
(s+ 2)
while the formula for H(t(s)) is found to be given by
H(t(s)) = − 4s
2
3
s+ 2
.
Let us explain how we determine this. For the values of (α, β, γ) = (2
3
, 1
3
, 2), we
find (a, b, c) = (−1,−1
3
, 2
3
). The general solution to uss +
1
4
V (s)u = 0 with these
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corresponding values is given by u = βs
1
3 +α(s+2). Let u1 = (s+2) and u2 = 2s
1
3 .
Then
t =
2s
1
3
(s+ 2)
=
s
1
3
2F1(−1,−13 ; 23 ; s)
agrees with the formula given by (2.2) and we find that
y =
d
dt
log
(s′)3
s2(s− 1) 32 = −
9
8
(s+ 2)(s− 10)
(s− 1)2 s
2
3 .
We thus find that s(t) is given by the root of the cubic equation
s3 + 6s2 +
(
12− 8
t3
)
s+ 8 = 0.
Eliminating the variable s, we obtain a polynomial algebraic curve C(t, y) given
by
C(t, y) =(2t− 3)2(4t2 + 6t + 9)2y3 + 18t(2t− 3)(2t3 − 27)(4t2 + 6t+ 9)y2
+ 324t2(t6 − 45t3 + 243)y − 1458t3(5t3 − 108) = 0.
We find that
dt = −4
3
s− 1
(s+ 2)2s
2
3
ds
and therefore
H =
∫ ∫
e
2
3
∫
ydtdtdt = − 4s
2
3
s + 2
.
We can eliminate s to get
H3 − 16t3 − 8Ht = 0.
Using the formula (x, F ) = (H ′, tH ′ −H), we find that the dual curves are given
by
(x, F ) =
(
−s− 4
s− 1s
1
3 ,
2s
2
3
s− 1
)
.
To summarise the results of Section 6, we have the following
Theorem 6.1. The functions I, J K give rise to the curve (t, H) parametrised
(up to constants) by
(t, H) =
(
2s
1
3
s+ 2
,− 4s
2
3
s+ 2
)
(6.3)
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where s = s(2
3
, 1
3
, 2, t) and the dual curve
(x, F ) =
(
−s− 4
s− 1s
1
3 ,
2s
2
3
s− 1
)
determines a flat (2, 3, 5)-distribution DF (x). The functions L, M N give rise to
the curve (t, H) parametrised (up to constants) by
(t, H) =
(
2s
2
3
1 + 2s
,− 4s
1
3
1 + 2s
)
where this is obtained by inverting s 7→ 1
s
in (6.3). The dual curve given by
(x, F ) =
(
− 4s− 1
s
1
3 (s− 1) ,
2s
1
3
1− s
)
also determines a flat (2, 3, 5)-distribution DF (x).
Figure 3 shows the transformation maps between the Schwarz triangle functions
that show up in the k = 3
2
and k = 3 solutions. The Schwarz functions s(1
2
, 1
3
, 2
3
, x),
s(2
3
, 2
3
, 2
3
, x) and s(4
3
, 1
3
, 1
3
, x) appear in the solutions to the k = 3 and k = 3
2
equations. The three diagrams 1, 2 and 3 can be combined at the nodes labelled
by (1
3
, 1
3
, 1) and
(
3
2
, 1
3
, 1
2
)
.
(
1
3
, 1
3
, 2
3
) 2
>
(
1
3
, 1
3
, 1
2
)
<
4 (1
3
, 1
3
, 1
)
(
2
3
, 2
3
, 2
3
)3
∧
2
>
(
2
3
, 1
3
, 1
2
)3
∧
<
4 (2
3
, 1
3
, 2
)
(
8
3
, 2
3
, 2
3
) 2
>
(
4
3
, 2
3
, 1
2
)3
∧
(
4
3
, 1
3
, 1
3
)
<
2
(
4
3
, 4
3
, 4
3
)3
∧< 2
Figure 3. Mapping of Schwarz functions for k = 3
2
and k = 3
We end by discussing the shapes of the spherical triangles that show up in the
k = 3
2
and k = 3 cases. The spherical triangle with angles (1
2
π, 1
3
π, 2
3
π) corre-
sponding to s(1
2
, 1
3
, 2
3
, x) is given by the following. Divide the hemisphere equally
into three lunes, with each end having angles pi
3
. The domain for the (1
2
π, 1
3
π, 2
3
π)
triangle is the complement of the fundamental domain of the (1
2
π, 1
3
π, 1
3
π) triangle
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with tetrahedral symmetry in this lune. Eight of these triangles tile the whole
sphere. The triangle with angles (2
3
π, 2
3
π, 2
3
π) is generated by reflecting this do-
main along the long edge meeting the right angle, while the triangle with angles
(1
3
π, 1
3
π, 4
3
π) is generated by reflection along the short edge meeting the right angle.
When k = 3
2
, the triangle with angles (1
2
π, 2
3
π, 4
3
π) also show up. This is the
complement of the (1
2
π, 1
3
π, 2
3
π) triangle in the hemisphere with the edge between
the 1
2
π and 1
3
π angles lying along the equator. The other triangle with angles
(4
3
π, 4
3
π, 4
3
π) is generated by reflecting along the long edge meeting the right angle
(or equivalently, the equator). This is also the complement of the equilateral
triangle with angles (2
3
π, 2
3
π, 2
3
π) in the whole sphere. Reflecting along the short
edge meeting the right angle gives the “triangle” with angles (8
3
π, 2
3
π, 2
3
π), which
overlaps at the vertex with angle 8
3
π.
Appendix A. Solving quartic equation
The degree four polynomial equation
s4 − 2s3 − 4xs+ 2x = 0
can be solved by radicals for s in terms of x. Substituting s = ξ + 1
2
, we bring it
to the form
(A.1) ξ4 − 3
2
ξ2 − (4x+ 1)ξ − 3
16
= 0.
From the coefficients of (A.1) we can form the resolvent cubic
(A.2)
(
u+
3
2
)(
u2 +
3
4
)
= (4x+ 1)2
and solve for u to obtain
u = 2(x(2x+ 1))
1
3 − 1
2
,
(
−1
2
+ i
√
3
2
)
2(x(2x+ 1))
1
3 − 1
2
,
(
−1
2
− i
√
3
2
)
2(x(2x+ 1))
1
3 − 1
2
as its roots. For A =
√
u+ 3
2
where u is a solution to (A.2), we form P = ξ2 + 1
2
u
and Q = Aξ + 4x+1
2A
. Then P 2 = Q2 iff (A.1) holds, but now P = ±Q is quadratic
in ξ and so the roots can be found using the quadratic formula. For
u0 = (8x(2x+ 1))
1
3 − 1
2
,
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the roots for ξ are given by:
ξ =
1
2
√
(8x(2x+ 1))
1
3 + 1
(
(8x(2x+ 1))
1
3 + 1
)
±
√
−(8x(2x+ 1)) 23 + (8x(2x+ 1)) 13 + 2(4x+ 1)
√
(8x(2x+ 1))
1
3 + 1 + 2
2
√
(8x(2x+ 1))
1
3 + 1
,
ξ =− 1
2
√
(8x(2x+ 1))
1
3 + 1
(
8x(2x+ 1))
1
3 + 1
)
±
√
−(8x(2x+ 1)) 23 + (8x(2x+ 1)) 13 − 2(4x+ 1)
√
(8x(2x+ 1))
1
3 + 1 + 2
2
√
(8x(2x+ 1))
1
3 + 1
.
Appendix B. Duality of generalised Chazy equations
There is a Legendre duality [3] that takes the generalised Chazy equation with
parameters k = 2
3
to its dual with parameters k = 3
2
. This is explained in [3]
and [21]. We show that the generalised Chazy equation that is Legendre dual to
another generalised Chazy equation has parameter k given either by ±2
3
or ±3
2
.
Proposition B.1. Let m = 4
36−k2 in equation (0.1). Any generalised Chazy equa-
tion can be put into the form
f 3f ′′′′ − 2(ℓ+ 2)f 2f ′f ′′′ + 3(−12ℓm+ ℓ− 1)f 2(f ′′)2(B.1)
+ 12(ℓ2m+ 6ℓm+ 1)f(f ′)2f ′′ − (ℓ3m+ 12ℓ2m+ 36ℓm+ ℓ + 6)(f ′′)4 = 0
using the substitution y = ℓf
′
f
for ℓ non-zero.
To pass to the dual equation, we use the substitution f = 1
h
and d
dx
= 1
h
d
dt
to
determine f , f ′, f ′′, f ′′′ and f ′′′′ in terms of h and its derivatives with respect to t
and we obtain
h3h′′′′ + (2ℓ− 11)h2h′h′′′ + (36ℓm− 3ℓ− 7)h2(h′′)2
+ (12ℓ2m− 144ℓm− 2ℓ+ 59)h(h′)2h′′ + (ℓ3m− 24ℓ2m+ 144ℓm+ 4ℓ− 48)(h′′)4 = 0.
Hence any equation of the form
h3h′′′′ + (2j − 11)h2h′h′′′ + (36jn− 3j − 7)h2(h′′)2
+ (12j2n− 144jn− 2j + 59)h(h′)2h′′ + (j3n− 24j2n+ 144jn+ 4j − 48)(h′′)4 = 0
is a Chazy equation only if the coefficients agree with that in equation (B.1). In
this case, n and m is determined completely and is given by either 16
135
or 9
80
. This
gives k = ±2
3
or k = ±3
2
.
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